We will consider the number of fixed points of homeomorphisms composed of finitely many slide homeomorphisms on closed oriented nonprime 3-manifolds. By isotoping such homeomorphisms, we try to reduce their fixed point numbers. The numbers obtained are determined by the intersection information of sliding spheres and sliding paths of the slide homeomorphisms involved.
Introduction
Nielsen fixed point theory (see [1, 4] ) deals with the estimation of the number of fixed points of maps in the homotopy class of any given map f : X → X. The Nielsen number N( f ) provides a lower bound. A classical result in Nielsen fixed point theory is: any map f : X → X is homotopic to a map with exactly N( f ) fixed points if the compact polyhedron X has no local cut point and is not a 2-manifold. This includes all smooth manifolds with dimension greater than 2.
It is also an interesting question whether the Nielsen number can be realized as the number of fixed points of a homeomorphism in the isotopy class of a given homeomorphism. In fact, it is just what J. Nielsen expected when he introduced the invariant N( f ). Assume that X is a closed manifold. The answer to this question is obviously positive for the unique closed 1-manifold. A positive answer was given by Jiang and Guo [5] for 2-manifolds, and was given by Kelly [7] for manifolds of dimension at least 5.
In [6] , Jiang, Wang and Wu proved that for any closed oriented 3-manifold X which is either Haken or geometric, any orientation-preserving homeomorphism f : X → X is isotopic to a homeomorphism with N( f ) fixed points ([6, Theorem 9.1]). If Thurston's geometric conjecture is true, all nonprime 3-manifolds are of this type.
In this paper, we will consider a certain class of homeomorphisms of closed, oriented 3-manifolds that have a connected sum decomposition into prime factors, namely irreducible manifolds and copies of S 2 × S 1 , and at least two factors (nonprime manifolds).
Xuezhi Zhao 3 Take a 3-sphere and remove n + 2n open discs to obtain a punctured 3-cell W with n + 2n boundary components. We then have that M = W ∪ (∪ n +n i=1 M i ), where M i = M i − Int(D i ) for 1 ≤ i ≤ n and M i = S 2 × I for n + 1 ≤ i ≤ n + n (see [8] ). Each M i admits the orientation coincident with that of M, and each ∂M i inherits the orientation of M i .
(2) Slide homeomorphisms. Let S be an oriented essential 2-sphere in M, which is orientation-preservingly isotopic to a boundary component of ∂M j . Let α : I → M be a path without self intersection in M such that α ∩ M j = α ∩ S = {α(0), α(1)}. Take two regular neighborhoods N and N (N ⊂ Int(N )) of α ∪ S in M. Then Int(N − N ) has two components which are homeomorphic to S 2 × (0,1) and T 2 × (0,1) respectively. We write the latter as T (S,α) .
Pick a coordinate function c : T(S,α) → T 2 × (0,1), where the points in T 2 × (0,1) are labeled by (θ,ϕ,t), such that the θ-line, c −1 (θ, * , * ), is parallel to the oriented path α and the t-line c −1 ( * , * ,t) moves radially away from the path α when the value of t is increased. A slide homeomorphism s : M → M determined by α and S is defined by
−1 (θ,ϕ,t) ∈ T(S,α),
1) denoted by s(S,α). The sets T(S,α), S and α are said to be respectively the sliding set, sliding sphere and sliding path of s(S,α). (3) Orientations and isotopies.
Since all manifolds under consideration are oriented, including sliding spheres and sliding paths, isotopies here are considered to be ambient and orientation-preserving. For example, if M = M 1 #M 2 is a connected sum of two prime manifolds, ∂M 1 and ∂M 2 are not regarded as isotopic.
(4) Fundamental groups and path classes. Consider the construction
We choose a point x 0 in W as its base point. To any path γ with ending points in W there corresponds uniquely an element γ * γγ −1 * * in π 1 (M,x 0 ), where γ * and γ * * are path from x 0 to γ(0) and γ(1) in W respectively. By abuse of notation, we write it simply as γ . Choose x j ∈ ∂M j as base point of M j for j = 1,2,...,n + n . Thus, each π 1 (M j ,x j ) is embedded into π 1 (M,x 0 ) in a natural way as above, and hence π 1 (M,x 0 ) is the free product of π 1 (M j ,x j ), j = 1,2,...,n + n . We write simply as π 1 
(5) The homeomorphism f . From now on, f is assumed to be a homeomorphism composed of finitely many slide homeomorphisms, that is, (6) General position. Consider the slide homeomorphisms whose composition is f . We can ensure the sliding paths α 1 ,α 2 ,...,α m , and sliding spheres S 1 ,S 2 ,...,S m are in general position relative to the set ∪ m j=1 {α j (0),α j (1)}. Thus, these sliding paths have no intersection, and α i intersects with S j transversally for i = j. Since each sliding sphere is isotopic to a component of −∂W , we can arrange these sliding spheres to be disjoint. In this situation, if each sliding set T(S j ,α j ) is in a small neighborhood of α j ∪ S j , the number
of components of intersection of two sliding sets T(S j ,α j ) and T(S j ,α j ) is equal to the number of points in (α j ∪ S j ) ∩ (α j ∪ S j ) for all j and j with j = j . In this situation, we say that the sliding set ∪ m j=1 T(S j ,α j ) of f is in general position. 
B ( j,i;l) ) for any i and j, where i, j = 1,2,...,m with i = j.
Removing fixed points on the complement of sliding set
Consider our homeomorphism f . Since the fixed point set of each slide homeomorphsim s i is just M − T(S i ,α i ), the points in the complement M − ∪ m j=1 T(S j ,α j ) of the sliding set of f are totally contained in the fixed point set of f . In [9] , we proved that this isolated fixed point set has zero fixed point index. In this section, we will show that this fixed point set can be removed by arbitrary small isotopy.
The following definition is originally from [2] . The next lemma is a kind of generalization of the Poincaré-Hopf vector field index theorem. There are some similar statements in dynamical system theory, see for example [3 
where
we may assume that
Regard a neighborhood of ∂N as a subset outside of the cylinders:
Since N is a manifold with corners for the vector field Γ, Γ points inward for the cylinders (outward for N) at ∂ + N and points outward for the cylinders (inward for 
C j , where
having the orientation induced from R 3 .
The set W is located outside of these C j 's with respect to the given orientation of C j 's.
Clearly, we can construct a vector field
Thus, W and all M j 's are manifolds with corners for Γ 0 . Apply Lemma 3.3 to W and all M j 's, we will get a nonsingular vector field Γ :
By definition of slide homeomorphism, each sliding sphere S k is isotopic to a C j in M. We then have a well-defined correspondence μ : {1, 2,...,m} → {1, 2,...,n + 2n
We take S k to be the sphere outside of C μ(k) by a distance of ν k (0 < ν k < 1). Moreover, we can arrange these ν 1 ,ν 2 ,...,ν m to have distinct values. Each sliding path α k attaches the corresponding sliding sphere S k at "top" and "bottom" perpendicularly. More precisely,
, where all possible x(q ( j,k; * ) ) are distinct numbers in (−1,1) (see Figure 3 .1).
We can make such an arrangement because any two sliding spheres and any two sliding paths have no intersection by the general position assumption. We then arrange the sliding set to lie in a sufficiently small neighborhood of
there is a unique smallest number j with p ∈ T(S j ,α j ). There are two subcases.
. By general position, we can arrange α j so that Γ(α j (u)) does not parallel to the tangent vector of α j (u) at u for all u ∈ I. Thus, ξ(·,t) will not push along (or opposite) to the direction that s j does. It follows that ξ( f (p),t) = p when p is closed to the boundary ∂T(S j ,α j ) of T(S j ,α j ) (see Figure 3 .
. We have that s j (p) is also close to ∂T(S k ,α k ) because the difference between p and s j (p) is small, so s k • s j (p) will not meet any sliding set other than T(S k ,α k ) and T(S j ,α j ). It follows that 
This implies that in R 3 , p and ξ( f (p),t) will have different x-values when t is small enough. It follows that ξ( f (p),t) = p. The proof for the type B ( j,k; * ) is the same. Define an isotopy F δ,η :
Note that the arguments for ξ still work for F δ,η , so we can prove that
Thus, when δ and η are small enough, F δ,η will be a desired isotopy. 
Fixed points on sliding sets
In this section, we try to reduce the fixed points of the homeomorphism f on its sliding set ∪ m j=1 T(S j ,α j ). For an arbitrary fixed point x of f on its sliding set, we examine its "trace" x,s 1 (x),s 21 (x),...,s m···1 (x) under the sliding homeomorphisms composing f . Lemma 4.1 will show that the sliding sets of individual slide homeomorphism meeting this trace is totally determined by x itself provided that each sliding set T(S j ,α j ) is small enough. Hence, a fixed point x will determine a unique sequence consisting of the components of the intersection of sliding sets, which we call the accompanying sequence (Proposition 4.2). All the possible accompanying sequence will be given in Lemma 4.3. Next, we will isotope the given homeomorphism f so that different fixed points on sliding set of f have different accompanying sequences (Lemma 4.4). When the sliding set of f is in general position, there is a unique point ( 
There is a unique minimal i such that x ∈ T(S i ,α i ). We write this number as i 1 . A sequence {i 1 ,i 2 ,...,i k } will be defined inductively:
. This would contradict the fact that x is a fixed point of f , so we always have that k ≥ 2. By definition of i j , we have that
When our induction stops at a stage i p , we have that
. This point is just x because x is a fixed point of f . Thus, this i p is the final number, say i k , in our subsequence of {1, 2,...,m}.
Let us prove the uniqueness of such a subsequence. If there is another subsequence { j 1 , j 2 ,..., j l } satisfying the same conditions as {i 1 ,i 2 ,...,i k }, then we will get that x ∈ T(S j1 ,α j1 ). Since any three of the sliding sets have no common points, j 1 is equal to either i 1 are at most two different sets. Because i n = i n−1 and j n = j n−1 = i n−1 , the unique possibility is that j n = i n . Thus, we can prove by induction that j n = i n for n = 1,2,...,min{k,l}.
It remains to show that k = l. If k < l, then from the property of the subsequence { j 1 , j 2 ,..., j l }, we have that s jk • ··· • s j1 (x) ∈ T(S jk+1 ,α jk+1 ). Since we have proved that j n = i n for n = 1,2,...,k, Proof. Let x be a fixed point of f in the sliding set with accompanying sequence {B 1 This lemma in fact implies that the components in one accompanying sequence are distinct. The next lemma will show that after some suitable isotopies on the slide homeomorphism, there is a one-to-one correspondence between the fixed point set on the sliding set and the set consisting of the above accompanying sequences. 
.,k, is a component of T(S ij−1 ,α ij−1 ) ∩ T(S ij ,α ij ). Assume that any three of these sliding sets have no common points. Then, {B 1 ,B 2 ,...,B k } is the accompanying sequence of the fixed point x of f if and only if x belongs to the following set:
s ik • s ik−1 • ··· • s i1 (B 1 ) ∩ s ik • s ik−1 • ··· • s i2 (B 2 ) ∩ ··· ∩ s ik (B k ) ∩ B 1 .
Proof of Lemma 4.4.
We will give the proof in three steps.
Step 1. Isotope each s(S j ,α j ).
Consider an arbitrary component B (i, j;k) of the intersection of the sliding sets. Since it is a component near the kth point in α i ∩ S j , we can assume that 
For i = 1,2,...,m, we isotope s(S i ,α i ) to s i so that
Clearly, the sliding set here is in general position when δ is small enough. By Lemma 4.3, the accompanying sequence of each fixed point of f is of one of two types listed there.
Step 2. Fixed points having accompanying sequences of the first type.
Consider a sequence {B (ik,i1; j1) ,B (i1,i2; j2) ,B (i2,i3; j3) ,...,B (ik−1,ik; jk) } of the components of the intersection of sliding sets.
Since B (ik,i1; j1) ranges in t-direction from one component of ∂T(S i1 ,α i1 ) to the other component of ∂T(S i1 ,α i1 ), its image under s i1 will form a circle "parallel" to α i1 . Thus, s i1 (B (ik,i1; j1) ) meets any component of the form B (i1, * ; * ) . Note that B (i1,i2; j2) ∈ c i1 ({(θ,ϕ,t) : π < θ < 7π/6}). The behavior of s i1 on B (ik,i1; j1) (see (4.6), (4.7), and (4.8)) implies that s i1 (B (ik,i1; j1) ) will be parallel to B (i1,i2; j2) in θ-direction of T(S i1 ,α i1 ). Thus, s i1 (B (ik,i1; j1) ) ∩ B (i1,i2; j2) , which is a solid torus, also ranges in t-direction from one component of ∂T(S i2 , α i2 ) to the other component of ∂T(S i2 ,α i2 ). Its image under s i2 meets B (i2,i3; j3) . We then get a solid torus s i2 (s i1 (B (ik,i1; j1) Figure 4.2) .
Repeating the above argument, we will get a solid torus in B (ik,i1; j1) :
By Proposition 4.2 and the Remark 4.5 following the present lemma, a fixed point x of f will be contained in this set if x has {B 1 ,B 2 ,...,B k } as its accompanying sequence. Note that f has unique fixed point on above set. Thus, the fixed point of f with accompanying sequence {B 1 ,B 2 ,...,B k } is unique. Let x * be the unique fixed point of f in the set in (4.9). Then c i1 (x * ) is a fixed point of
, where U is the c i1 image of the set in (4.9). Using the coordinates of T 2 × I, the three eigenvalues λ 1 , λ 2 , λ 3 of the derivative of
at c i1 (x * ) will satisfy the condition: one eigenvalue has absolute value greater than 1, the other two have absolute values less than 1. We assume that |λ 1 | > 1, |λ 2 | < 1 and |λ 3 | < 1.
From Figure 4 Note that the fixed point index of an isolated fixed point of a map is just (−1) κ , where κ is the number of real eigenvalues which are greater than 1 of the derivative of this map at this fixed point, provided that 1 is not an eigenvalue of this derivative (see [4, page12, 3 
.2(2)]). We have that ind(c
i1 ,c i1 (x * )) = −I (ik,i1; j1) I (i1,i2; j2) ··· I (ik−1,ik; jk) , which is also the fixed point index ind( f ,x * ) by the commutativity of fixed point index.
Step 3. Fixed points having accompanying sequences of the second type. Note that at a point in α i ∩ S j , the algebraic intersection number of α i with S j is opposite to the algebraic intersection number of −α i with S j . If (−I (i1,il; j1) )(−I (i2,i1; j2) )··· (−I (il,il−1; jl) ) = (−1) l I (i1,il; j1) I (i2,i1; j2) ··· I (il,il−1; jl) > 0, by using the proof of the last step, we have that λ 1 > 1, and therefore 0 < μ 1 = 1/λ 1 < 1. Thus, μ 2 μ 3 > 0. There are three possibilities: (1) μ 2 ,μ 3 > 1, (2) μ 2 ,μ 3 < −1 and (3) μ 2 and μ 3 are conjugate complex numbers. In each case, the number of real eigenvalues which are greater than 1 is even. We have that
; j2) ··· I (il,il−1; jl) < 0, by using the proof of last step, we have that λ 1 < −1, and therefore
It follows that there is only one real eigenvalue which is greater than 1, so
Combining these two cases, we have that ind( f , y * ) = (−1) l I (i1,il; j1) I (i2,i1; j2) ··· I (il,il−1; jl) .
This lemma is a generalization of [9, Lemma 4.2] . The proof here is more descriptive than the direct computation there. The fixed point class coordinates of these fixed points can be computed in the same way. Proof. The assumptions on α i 's and S k 's imply that we can arrange the union of all sliding stes in general position provided T(S i ,α i ) is close to α i ∪ S i for each i. Using above lemma and Lemma 3.4, we get immediately our conclusion.
Thus, the sum in Proposition 4.6 is 
where each α j and S j , j = 1,2,...,m, range over all oriented paths and spheres such that α j and S j are isotopic to α j and S j , respectively, with α j ∩ S j = {α j (0),α j (1)}, and such that any two α i 's and any two S j 's have empty intersection.
In Example 4.8, we have MI({α 1 ,α 2 ,α 3 }, {S 1 ,S 2 ,S 3 }) = 32. The relation between this "totally" minimal intersection number and the individual MI's is given by the following proposition. α 1 ), we will obtain our conclusion.
By the lower bound property of Nielsen number, we immediately get the following corollary. 
Some remarks
In this final section, we will show that in some cases, the fixed point numbers can be further reduced. Consider our homeomorphism f . If some successive sliding spheres, say S n ,S n+1 ,..., S n+p , are isotopic, we have s S n+p ,α n+p • ··· • s S n+1 ,α n+1 • s S n ,α n = s S n ,β n , (5.1)
where β n = α n α n+1 ··· α n+p . Combine all possible slide homeomorphisms which are in succession and have the same sliding spheres. We will get a shorter expression for f , denoted as follows: 
